Abstract. We find properties that a class € of closed bounded convex subsets of a Banach space E and a mapping p : £ -► R+ should satisfy in order to obtain the following result: Some examples and applications are given to the study of Steiner symmetrization and of the Riesz decomposition property for concave continuous functions.
Introduction
The aim of this paper was originally to study the following problem: Let A be a convex body in Rd and A be its Steiner symmetrical with respect to some fixed hyperplane H. If C is a convex body such that C c A and C is symmetric with respect to H, does there exist a convex body B c A such that the Steiner symmetral B of B with respect to H is equal to C ? Using the general result (Theorem 2) mentioned in the abstract, we prove that the answer is yes if d = 2 and generally no if d > 3. We study also the following problem (Corollary 3): given a direction u £ S¿_i and a convex body A in Rd such that all its sections by hyperplanes orthogonal to u are homothetical to some fixed convex body D, how does one characterize the convex bodies B c A with the same property? We show (Corollary 4) that, given any convex body A in Rd , there exists a convex body B c A whose sections by hyperplanes orthogonal to some fixed direction u have prescribed mean width.
Definition. Let E be a normed space, and let £ be a class of closed bounded convex subsets of E such that: 0 £ <£ and there exists C £€ with nonempty interior. XC + pD £<L for every C, D £ <£ and I, p>0. x + C £<L for every x £ E and Cet
For every family f? of elements of (f., totally ordered by inclusion, ceL et p : € -y R+ be such that: p is increasing: if C, D £<t, C cD, then p(C) < p(D). p(XC + pD) = Xp(C) + pp(D) for every C, D £<L and X, p>0. p(x + C) = p(C) for every x £ E and Ce£.
For every family y of elements of £, totally ordered by inclusion, P(nc)=cinfP(C).
Vce^" / If (E, <¿, p) satisfies all these properties, we shall say that (E, €, p) is admissible. I. For some n £ N, there exists to £]an , ßn[ such that, for every neighborhood V of to , h is not affine on V. Then by the continuity of / and h , for some e > 0 such that [t0 -e, t0 + e] c]an , /?"[, we have dh(t0-e) + (l -6)h(t0 + e)> max f(t)
ie ['o-£,'o+e] for every 8 £ [0, 1]. Then we define [a, b] -[to -e, to + e] and we take the function g as defined in ( 1 ). Since h is concave but not affine on [ío-e, ío+e], we have g < h .
II. For every n £ N and every t £]a" , ß"[, h is affine on some neighborhood of t. Then by compactness and connectivity, using the continuity of h , we get that h is affine on each of the intervals [an, ßn] . If 0 < an < ß" < 1, we have f(a") = h(a") and f(ßn) -h(ßn); it follows then from the concavity of / that f - By continuity, case (a) reduces to conclusion (2). In case (b), by the continuity of /, for some 0 < e < a and 0 < p < 1, we have max f(t) < p min h(t).
teio.e] * r <e [0,£] Taking a = e, we define g satisfying property (3). Case (c) is completely analogous to case (b) and yields property (4 
Proof. Let D be the set of all closed convex subsets M of K such that for every t £
[0, 1], M(t) £ € and p(M(t)) > f(t). Then it is easy to see that, ordered by inclusion, S is inductive. By Zorn's lemma, £> thus has a minimal element, say TV; define h: [0, 1] -y R+ by h(t) = p(N(t)). It is clear that /
and h are concave and continuous on [0, 1] and satisfy h > f ; we shall show that h = f. Suppose f < h; then given the function g obtained by Lemma 1, we shall construct N' £ 2), N' c N, such that g(t) = p(N'(t)) for every t £ [0, 1]. But, since f < g < h , this contradicts the minimality of N. Let us consider the four cases of Lemma 1:
It is clear that N1 £T>, N' c TV, and p(N'(t)) = g(t) for every fe[0, 1].
(2) Let xo £ N(0) and xx £ N(l), and define for t £ [0, 1] Examples. We give some examples of admissible (E, €, p). We refer to [B-Z] for all the undefined terminology about convex sets.
(1) Let E be a Banach space, and let D be a bounded closed convex subset of E with 0 in its interior; let €p be the family of all subsets of E of the form x + pD, x £ E, p>0; and let pD: <tD -> R+ be defined by po(x + pD) = p ; observe that for X, p > 0, one has x + pD c y + XD if and only if p < X and x -y £ (X -p )D ; it is easy to verify, using the completeness of E, that (E, <LD, pD) is admissible. . In particular such a p satisfies automatically the fourth property of admissible mappings (see [F] ). For instance, if Kj, 2 < j < d, are convex bodies in Rd, one can consider as p(K), the mixed volume V(K, K2, ... , Kd) of K together with K2, ... , Kp or
where B is the Euclidean ball and o is the rotation invariant measure on Sd~l with total mass oí¿_x (this is the mean width of K, and it coincides with 1/27T times the perimeter of K if d -2).
As applications of Theorem 2 to these examples, we get the following corollaries. This means also that there exists concave continuous functions hx and h2 on [a, b] such that hx < gx, h2< g2, and f = hx+h2. This is the so-called Riesz decomposition property for concave continuous functions on [a, b] , with the pointwise order (clearly the hypothesis gx + g2 > 0 is here irrelevant). The proof of Theorem 2 is inspired from this classical result in potential theory (see [M-S] and also [A] ). Observe that the Riesz decomposition property can also be proved by using the unique decomposition of the extreme points of the ordersegment [0, gx + g2] = {f; f concave continuous, 0 < / < g x + g2} and then the Krein-Milmann theorem. It should be noticed that this property is no longer true for functions of more than one variable: Proposition 5. Let K be a convex body in Rd, d > 1. Suppose that the cone V(K) of all the continuous concave functions on K satisfies the Riesz decomposition property, that is: for any f, gx, g2 £ V(K) such that f < g\ + g2, there exists hx, h2 £ V(K) such that hx < gx, h2 < g2, and f = hx+h2. Then d = 1 (and K is a segment). Proof. We shall first prove that if K is a convex body in R2, V(K) does not satisfy this property; then we extend this result to any value of d > 3 (for d = 1, we refer to the above comments).
( 1 ) Let P be a convex body in R2, and select two points Xx and X2 in P such that if Y\ Y2 is the chord of P passing through Xx and X2, then d(Yx, Xx) = d(X2, Y2) (where d( , ) denotes the Euclidean distance); moreover, we can suppose that in the case when P is a quadrangle Yx Y2 is not a diagonal of P. Embed R2 into R3 by X = (X, 0). We define a convex body A of R3 by A = com(P,(Xl,l),(X2,-l)) and two functions g\, g2£ V(P) by the identity A = {(X, t); X e P, -g2(X) < t < gx(X)}.
Let a = gx(X2) = g2(Xx) > 0 and C = conv(P, (Xx, 1 + a), (X2, 1 + a) ), and for X £ P define f(X) = ma\{t ; (X, t) e C} ; it is clear that / e V(P), f = 0 on ÔP (the boundary of P), f(Xx) = f(X2) = 1 + a, and 0 < / < gx + g2 . Thus, if / could be written as f = hx + h2, with /z, £ V(P) and h¡ < g¡ for z = 1, 2, we would have h¡ -g¡ on dP and in Xx, X2, for i = 1, 2, and thus /z, = g¡ on all P. Under our assumptions, this is impossible for the following reasons.
Since Xx and X2 are interior points of P, there exist two points Zx, Z2 £ dP, lying respectively in the two open half-planes separated by the line XXX2, such that the line through Z, parallel to XXX2 supports P at Z,■■., i = 1, 2. It follows that the hyperplane of R3 passing through Z¡, (Xx, 1), and (X2, 1) supports C in Z,, i = 1, 2. Thus / is affine on each of the triangles Z¡XX X2 , i = 1,2. The equality / = hx + h2 = gx + g2 implies then that gx and g2 are affine on each of these triangles; but then, since the graphs of gx and g2 are cones with respective vertices (Xx, 1 ) and (X2, 1 ) and basis P, the segments Y¡Zj (i, j -1,2) would be in dP. This implies that P is the quadrangle YXXXY2X2, which has XXX2 as a diagonal. We get a contradiction with the hypothesis.
(2) If AT is a convex body in Rd , select a two-dimensional affine subspace E of Rd , passing through the interior of K, and define P = E n K. Let ' = 00^(^,(^,1), (^2,-1)), and C^conv^,^,, l+a),(X2, l+a)),
where Xx and X2 are chosen in P c E, like they were in the preceding paragraph. Then it is clear that A' <1(E xR) = conv(P, (Xx, 1), (X2, -1)) and C n (E x R) = conv(P, (Xx, 1 + a), (Xx,l+ a)). If we define /', g[, g'2 with respect to C and A', we get f'\E = f and g[\E = g¡, z = 1, 2, and we can apply the preceding result. D Let A be a convex body in Rd, H be some hyperplane of Rd, and A be the Steiner symmetral of A with respect to H. If for some u £ Sd~x, H = {x £ Rd ; (x, u) = 0}, let P = {x £ H ; x + tu £ A for some t £ R} Fact. If A = {(X,t);XeP, t£[-g2(X), gx (X)]} as in the proof of Proposition 5 and if A is smooth and strictly convex and satisfies (*) with respect to the hyperplane Rd_1 = {t = 0} , then for some S > 0 and some affine function u on Rd~l one has g2 + u = S(gx-u) on P.
Proof. By (*), since 0 < g = gx + g2, there exists an affine function u on Rd~l such that -g2 < u < gx on P. Since A is strictly convex, we have gi = g2 = u on dP. Changing gx into gx -u and g2 into g2 + u, we can suppose that u = 0, so that gx = g2 = 0 on dP. Now let Xx ^ X2 in the interior of P, and let M¡ = (Xj, g(Xj)) for j = 1,2. We define a concave function / on P by {(X, t) ; X £ P, 0 < t < f(X)} = conv(Mi, M2, dP). It follows from (*) that f -hx+h2 for some concave functions A, on P such that 0<hi<gi, i = 1, 2. Observe that g¡(Xj) = h¡(Xj) for i, j = 1, 2. Let E be some affine hyperplane through MXM2 intersecting Rd~l on a tangent hyperplane to P in some point Y e dP. Then it is clear that / and thus hx and /z2 must be affine on the triangle XXX2Y. Let F be the two-dimensional affine space generated by these points, G = P n F, and Nj = (Xj, hx(X¡)), 7 = 1,2. Since A is smooth, the convex body G has a unique tangent line at Y, which is T = E n F . It follows that either the lines MXM2, NXN2, and T are parallel or they intersect. Thus we get (gx + g2)(Xx) = (gx+g2)(X2) gi(Xx) gx(X2) ■ In the preceding proof, the hypotheses of smoothness and of strict convexity of A can be replaced by the following assumptions: dA does not contain any nontrivial segment orthogonal to H and dP is smooth. We conjecture that our characterization of property (*) holds in the general case. It may be observed that if a convex body in Rd , d > 3, satisfies (*) with respect to any hyperplane H, then it follows from the Kakutani theorem that A is an ellipsoid. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
